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ABSTRACT 
 

In this paper, we have analysed the non-Darcy MHD flow of a Casson fluid over a nonlinearly 
stretching sheet in a porous medium. In the mathematical model, using similarity variables, the 
momentum equation is transformed to non-dimensional ordinary differential equation. And then it is 
solved numerically using bvp4c method, a Matlab in- built bvp4c-programm. A discussion for the 
effects of the parameters involved on the boundary layer thickness and the magnitude of the 
velocity and skin friction has been done graphically and numerically using figures and tables.  
 

 

Keywords: Casson fluid; magnetic parameter; darcy parameter; velocity slip parameter; forchheimrer 
parameter; power index parameter. 

 

NOMENCLATURES 
 

x  and y are cartesian coordinates[m]; u the velocity components along the x- axes[m/s]; v the 

velocity components along the y-axes[m/s] ;K permeability parameter[m
2
]; B magnetic field;   

magnetic constant; bC  Forchheimer coefficient; ρ  the density of the fluid [kg m
-3

]; v  kinematic 
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viscosity of the fluid [m
2
 s

-1
]; µ  dynamic viscosity of the fluid [kg m

-1
 s

-1
]‘; η  similarity variable; ψ  

stream function [m
2
 s

-1
]; f non- dimensional stream function; Vs  Velocity slip parameter; S  non- 

dimensional suction or blowing parameter; γ  non- dimensional Casson fluid parameter; Fs  

Forchheimer constant; M  non- dimensional Magnetic parameter; Kp  non- dimensional Permeability 

parameter; n  is stretching index parameter; fC  local skin-friction; fRe  Reynold number. 

 

1. INTRODUCTION 
 

Fluid flow over a stretching sheet has many 
important applications: In polymer sheet 
manufacturing, in chemical engineering, and in 
metal processing in metallurgy etc. Crane [1] first 
initiated the study of flow of Newtonian viscous 
incompressible fluid over a linearly stretching 
sheet. He investigated the flow of viscous 
incompressible fluid along a stretching plate 
whose velocity is proportional to the distance 
from the slit; such situation occurs in drawing of 
plastic films. The study was extended to non-
Newtonian fluids by many researchers. 
 

Rajagopal [2] studied the flow of viscous 
incompressible fluid on moving (stretching) 
surface in the boundary layer region. Siddappa       
et al. [3] investigated the flow of visco-elastic fluid 
(a non-Newtonian fluid) of ‘Walters’s liquid B 
Model’ for the boundary layer flow past a 
stretching plate. Non –Newtonian types of flow 
occurs in the drawing of plastic films and artificial 
fibres. The moving fibre produces a boundary 
layer in the medium. surrounding medium of the 
the fibre is of technical importance; in that it 
governs the rate at which the fibre is cooled and 
this in turn affects the final properties of the yarn. 
Andersson [4] investigated the flow of 
viscoelastic fluid along a stretching sheet in the 
presence of transverse magnetic field. Dandapat 
[5] investigated the effect of transverse magnetic 
field on the stability of flow of viscoelastic fluid 
over a stretching sheet. 
 

Fang [6] studied that variable transformation 
method can be used to get the solution of 
extended Blasius equation from original Blasius 
equation. Ishak et al. [7] investigated the MHD 
flow of viscous incompressible fluid along a 
moving wedge under the condition of suction and 
injection. Mamaloukas et al. [8] have discussed 
some alike nature of free-parameter method and 
separation of variable method and have found 
exact solution of equation representing flow of 
two-dimensional visco-elastic second grade fluid 
over a stretching sheet. 
 

Bataller [9] investigated the flow in the boundary 
layer of the viscous incompressible fluid under 

two situations: One about a moving plate in a 
quiescent ambient fluid (Sakiadis flow) and 
anotherthe uniform free stream flow over a 
resting flat-plate (Blasius flow). 

 
Motsa, et al. [10] investigated the MHD boundary 
layer flow of upper-convected Maxwell (UCM) 
fluid over a porous stretching surface. Nadeem et 
al. [11] investigated the MHD boundary layer flow 
of a Casson fluid over an exponentially shrinking 
sheet. Motsa et al. [12] had analysed the MHD 
flow of viscous incompressible fluid over a 
nonlinearly stretching sheet. Rosca [13] 
discussed the flow of viscous electrically 
conducting fluid over a shrinking surface in the 
presence of transverse magnetic field. 
 
Nadeem et al. [14] investigated the MHD 
boundary layer flow of Williamson fluid over a 
stretching sheet. Mukhopadhyay [15] analysed 
the axis symmetric boundary layer flow of 
viscous incompressible fluid along a stretching 
cylinder in the presence of uniform magnetic field 
and under partial slip conditions. 

 
Akbar et al. [16] investigate the MHD boundary 
layer flow of Carreau fluid over a permeable 
shrinking sheet. Khidir [17] used spectral 
homotopy perturbation method and successive 
linearization method to solve Falker-Skan 
equation (A non-linear boundary value problem). 
 
Biswas et al. [18] studied the effects of radiation 
and chemical reaction on MHD unsteady heat 
and mass transfer of Casson fluid flow past a 
vertical plate. Ahmmed et al. [19] analysed the 
unsteady MHD free convection flow of nanofluid 
through an exponentially accelerated inclined 
plate embedded in a porous medium with 
variable thermal conductivity in the presence of 
radiation. 

 
Biswas et al. [20] investigated the effects of Hall 
current and chemical reaction on MHD unsteady 
heat and mass transfer of Casson nanofluid flow 
through a vertical plate. Biswas et al. [21] studied 
the MHD free convection and heat transfer flow 
through a vertical porous plate in the presence of 
chemical reaction. Noor et al. [22] studied the 
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thin film flow of a second-grade fluid in a porous 
medium past a stretching sheet with heat 
transfer. 
 
Noor et al. [23] studied the thermophoresis and 
thermal radiation with heat and mass              
transfer in a magnetohydrodynamic thin film 
second-grade fluid of variable properties past a 
stretching sheet. Noor et al. [24] studied the 
magnetohydrodynamic nanoliquid thin film 
sprayed on a stretching cylinder with heat 
transfer. Samina et al. [25] studied the flow and 
heat transfer in water based liquid film fluids 
dispensed with graphene nanoparticles. 
 
Noor et al. [26] studied the mixed convection in 
gravity-driven thin film non-Newtonian nanofluids 
flow with gyrotactic microorganisms. Zaman et al. 
[27] studied the non-Newtonian nanoliquids thin 
film flow through a porous medium with 
magnetotactic microorganisms. Samina et al. 
[28] studied the magnetohydrodynamic second 
grade nanofluid flow containing nanoparticles 
and gyrotactic microorganisms. 
 
Noor et al. [29] studied the bioconvection in 
second grade nanofluid flow containing 
nanoparticles and gyrotactic microorganisms. 
Zaman et al. [30] analysed the two dimensional 
boundary layer flow of a thin film fluid with 
variable thermo-physical properties in three 
dimensions space. Samina et al. [31] analysed 
the simulation of bioconvection in the suspension 
of second grade nanofluid containing 
nanoparticles and gyrotactic microorganisms. 
 
Noor et al. [32] studied the slip flow of Eyring-
Powell nano-liquid film containing graphene 
nanoparticles due to an unsteady stretching 
sheet with heat transfer. Noor et al. [33] 
investigated the Brownian motion and 
thermophoresis effects on MHD mixed 
convective thin film second-grade nanofluid flow 
with Hall effect and heat transfer past a 
stretching sheet. 
 
Noor, et al. [34] studied the Hall                        
current and thermophoresis effects on 
magnetohydrodynamic mixed convective heat 
and mass transfer thin film flow. Noor et al. [35] 
studied the entropy generation in MHD mixed 
convection non-Newtonian second-grade nano -
liquid thin film flow through a porous medium with 
chemical reaction and stratification. 
 
From the above work, we have observed that 
flow through non-Darcy porous medium of MHD 

Casson fluid is not considered. This work deals 
with the analysis of the non-Darcy MHD flow of a 
Casson fluid over a nonlinearly stretching sheet 
in a porous medium.  
 

2. MATHEMATICAL MODELLING  
 

Consider the steady two-dimensional laminar 
boundary-layer flow of viscous, incompressible, 
electrically conducting non-Newtonian Casson 
fluid in a saturated homogeneous non-Darcy 
porous medium caused by nonlinearly stretching 
sheet placed at the bottom of the porous 
medium. A Cartesian coordinate system is used. 
The �-axis is along the direction of the 
continuous stretching surface (the sheet) and y-
axis is normal to the �-axis (see Fig. 1). Two 
equal and opposite forces are applied along the 
sheet so that the sheet is stretched, keeping the 
position of the origin unaltered. The stretching 
velocity varies nonlinearly with the distance from 

the origin. A uniform magnetic field of strength B  
is applied normal to the sheet. 
 

 
 

Fig. 1. Physical model and coordinate system 
(for stretching sheet) 

 

We also assume that the fluid is optically dense, 
non-Newtonian, and without phase change. The 
porous medium is simulated using the well-tested 
and validated non-Darcian drag force model. 
This incorporates a linear Darcian drag for low 
velocity effects (bulk impedance of the porous 
matrix at low Reynolds numbers) and a quadratic 
(second order) resistance, the Forchheimer drag, 
for high velocity flows, as may be encountered in 
chemical engineering systems operating at 
higher velocities. Brinkman’s equation takes into 
account the boundary effects (the viscous force). 
 
It is assumed that the induced magnetic field, the 
external electric field and the electric field due to 
polarization of charges are negligible in 
comparison to the applied magnetic field. And so, 
all of the Hall effects and Joule heating, are 
neglected.  
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According to Nadeem et al. [11], the rheological 
equation for incompressible flow of Casson fluid 
is given by 
 

./1/1/1 nn

o

n γµττ ɺ+=
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 += πµτ

 

 
Where, µ is the dynamic viscosity, µ B is plastic 
dynamic viscosity of the non-Newtonian fluid,         
Py is the yield stress of fluid, π is the product of 
the component of deformation rate with itself, 
namely, π = eijeij, and eij is the (i,j) th 
componentof the deformation rate. The value of 
n is greater than or equal to 1.  
 
Under these assumptions, the governing 
boundary layer equations for momentum, take 
the following form: 
 
The equation of continuity: 

 

0=
∂

∂
+

∂

∂

y

v

x

u

                                            

(1)

 

 

 

The Equation of Momentum: 
 

2
2

2

2

2

2

)/11( u
K

C
u

K

v
u

B

y

u

y

u

y

u

x

u
u b

f

−−−
∂

∂
++

∂

∂
=

∂

∂
+

∂

∂

ρ

σ
γνυ

 
(2) 

 

where x  and y are cartesian coordinates along 

the stretching sheet and normal to it respectively; 
u and v are the velocity components along the x- 
and y-axes; K is the permeability of the porous 

medium, B is magnetic field,  is Forchheimer 

coefficient ;
 
and  are the density, 

kinematic viscosity and dynamic viscosity of the 
fluid respectively. 
 

To obtain similarity solution, the strength of 
magnetic field is assumed to vary spatially by 

2

)1(

0)(

−

=
n

xBxB where   is constant.  

 

The sheet is assumed to move with power law 
velocity, and varies nonlinearly in spatial 
coordinates with some index, in the boundary 
layer region, so the relevant velocity boundary 
conditions for equations (1) to (2) are as follows: 

 

                       (3)  

  
Where, 

 
sgn (x) is sign of x (either it is positive or negative), c and N are constants,  

 
 for accelerated sheet and for decelerated sheet. 

 
2.1 Analysis 

 
We define 

 

                                                    (4)  

 

 
 
 

bC

νρ , µ

0B

,0:

),(,)sgn()(:0

→∞→

∞<<∞−−==
∂

∂
+===

uy

xxV
y

u
Nvxxcxuuy w

n

w υυ

0>n 0<n










+

−
+

+
−==

∂

∂
−=

∂

∂
=








 +
=









+
=

−

−+

)('
)1(

)1(

2

)1(
),('

,,

,.
2

)1(
),(

1

2

2

)1(

2

1
2

1

2

1
2

1

ηηυη

ψ
υ

ψ

ν
ηη

ν
ψ

f
n

n
fx

cvn
fcxu

xy
u

yx
nc

fx
n

c

n

n

nn



 
 
 
 

Kala; AJARR, 3(3): 1-15, 2019; Article no.AJARR.47539 
 
 

 
5 
 

Here, 
 

η  is similarity variable 
ψ is a stream function, 

 is non- dimensional stream function, u is x -component of velocity, v is y- component of 

velocity. 
 

Using equation (4), equation (2), can be written as  
 

 (5)  
  
And, boundary conditions (3) as 

 

.,0)('

),0(''1)0(',)0(

∞→→

+==

ηη asf

fVsfSf

 

(6) 

 

Here prime denotes differentiation with respect to . Vs is called slip parameter.  for suction 

and  for injection or blowing. 

 
The parameters occurring in equations (5) and (6) are defined as follows: 
 

 

(7) 

  Casson fluid parameter,  Forchheimer constant,  Magnetic parameter, Kp Permeability 

parameter.  is stretching index parameter. 
 

The quantities of physical interest for this problem are the local skin-friction (Cf), and Reynold number 
(Rex). These are defined as follows: 
 

  (8)  
Where, 

is the local Reynold number.  

 

3. METHOD OF NUMERICAL SOLUTION 

 
The numerical solutions are obtained using the 
above equations for some values of the 
governing parameters, namely, the Magnetic 
parameter (�), the Permiability parameter (Kp), 

the Forchhemier parameter{Fs,), Stretching 
index parameter(n) suction or blowing 
parameter(S), velocity slip parameter (Vs) and 
Casson parameter( ),. Effects of �, Kp, Fs, n, 

S, Vs, and , on the steady boundary layers in 

fluid flow region are discussed in detail. The 
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numerical computation is done using the Matlab 
in-built numerical solver bvp4c. In the 

computation we have taken 
,
and axis 

according to the clear figure-visibility. 
 

4. RESULTS AND ANALYSIS 
 

For, 
 

∞η =15; M =0; 
 

γ  = 1.00; Kp=inf; 

 Fs =0.0; n=0.0; 

 
S =0.0;Vs=0.0; 

 
our Matlab result for skin friction is f ’’(0)= -
0.443753085295389. It agrees with the results of 
Rosca[13] so we are confident that the present 
numerical method works very efficiently. 

 
Common values of the parameters taken to draw 
each of the Figs. from 2 to 11: 

∞η =15; M = 1;
 

 = 0.01; Kp=0.1;Fs =0.1; n=0.1; S =0.1;Vs=0.1. 

 

Table 1. Data for values of parameters for figs. 2 to 11 
 

 Fjgure 2 Fjgure 3 Fjgure 4 Fjgures 5,6 Fjgures 7,8 Fjgures 9,10 Fjgures 11 

M 0.5,1,1.5 1 1 1 1 1 1 

 0.01 0.01,0.02,0.03 0.01 0.01 0.01 0.01 0.01 

Kp 0.1 0.1 0.1,0.2,0.3 0.1 0.1 0.1 0.1 

Fs 0.1 0.1 0.1 0.1,0.2,0.3 0.1 0.1 0.1 

n 0.1 0.1 0.1 0.1 0.1,0.2,0.3 0.1 0.1 

S 0.1 0.1 0.1 0.1 0.1 0.1,0.2,0.3 0.1 

Vs 0.1 0.1 0.1 0.1 0.1 0.1 0.1,0.2,0.3 
 

 
 

Fig. 2. Graph between  and   for different values of  

15=∞η

γ

γ

ηddf / η γ
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Fig. 3. Graph between  and   for different values of Kp 

 

 
 

Fig. 4. Graph between  and   for different values of  

ηddf / η

ηddf / η Fs
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Fig. 5. Graph between  and   for different values of  

 

 
 

Fig. 6. Graph between  and   for different values of n 

ηddf / η Fs

ηddf / η
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Fig. 7. Graph between  and   for different values of n 

 

 
 

Fig. 8. Graph between  and   for different values of  

ηddf / η

ηddf / η S
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Fig. 9. Graph between  and   for different values of  

 

 
 

Fig. 10. Graph between  and   for different values of Vs 

 

ηddf / η S

ηddf / η
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∞η =15; M = [0.5; 1.0; 1.5]; 

 

= [0.01; 0.02; 0.03]; Kp=0.1; Fs =0.1; n=0.1; S =0.1; Vs=0.1. 

 

Table 2. Local skin friction,
 

 with respect to variation and M 

 

 
  M=0,5

 
M=1.0

 
 M=1.5

 

0.01 0.144315018294971 0.141980999803290 0.138732282246448 

0.02  0.353659907460450 0.343383325342057 0.329639468226385 

0.03 0.645481372002895 0.616151069537841 0.578963524171426 

 
Table 2 shows for fix value of magnetic parameter, M, as the Casson parameter ,  , increases skin 

friction )0(''f  
increases and for fix value of as the Casson parameter ,  , as magnetic parameter, 

M , increases skin friction )0(''f
 
decreases. 

 

∞η =15; M = 1; Kp= [0.1; 0.2; 0.3]; Fs =0.1; n=0.1; S =0.1; Vs=0.1; 

 

  = [0.01; 0.02; 0.03]. 

 

Table 3. Local skin friction,
 

with respect to variation and Kp 

 

 )0(''f
 Kp=0.1

 
 Kp=0.2

 
 Kp=0.3

 

0.01 0.141980999803290 0.170106466419974 0.200572848781858 

0.02 0.343383325342057 0.506852178483415 1.615762159297962 

0.03 0.616151069537841 1.776310061478046 2.738487471646433 

 
Table 3 shows for fix value of the permeability parameter , Kp , as the Casson parameter,

 
, 

increases skin friction )0(''f  increases and for fix value of the Casson parameter,  , as the 

permeability parameter , Kp increases skin friction )0(''f
 
increases. 

 

∞η = 15; M = 1; Kp = 0.1; Fs = [0.1; 0.2; 0.3]; n=0.1; S =0.1; Vs=0.1; 

 
  = [0.01; 0.02; 0.03]. 

 

Table 4. Local skin friction,
 

with respect to variation and Fs 

 

 
  Fs=0.1

 
 Fs =0.2

 
 Fs =0.3

 

0.01 0.141980999803290 0.142065334401625  0.142150460940992 

0.02 0.343383325342057 0.344018813951724 0.344667335210914 

0.03 0.616151069537841 0.618807631792279 0.621568620214765 

 
Table 4 shows for fix value of the Forchhimer parameter, Fs, as the Casson parameter

 
 , increases 

skin friction )0(''f  increases and for fix value of the Casson parameter,  , as the Forchhimer 

parameter, Fs, increases skin friction )0(''f  increases. 

 

γ

)0(''f γ

γ )0(''f )0(''f )0(''f

γ

γ

γ

)0(''f γ

γ )0(''f )0(''f
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)0(''f γ

γ )0(''f )0(''f )0(''f
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∞η = 15; M = 1; Kp=0.1; Fs = 0.1; n= [0.1; 0.2; 0.3]; S =0.1; Vs=0.1; 

 

  = [0.01; 0.02 ;0.03]. 

 

Table 5. Local skin friction,
 

with respect to variation and m 

 

γ  
  n=0.1

 
 n=0.2

 
 n=0.3

 

0.01 0.141980999803290 0.142109087671290 0.142218900929004 
0.02 0.343383325342057 0.344351240956556 0.345194021021898 
0.03 0.616151069537841 0.620216423460454 0.623849933803497 

 

Table 5 shows for fix value of the Stretching index parameter, n, as the Casson parameter,  , 

increases skin friction )0(''f  
increases and for fix value of the Casson parameter,  , as the 

Stretching index parameter, n increases skin friction )0(''f  increases. 
 

∞η = 15; M = 1; Kp = 0.1; Fs = 0.1; n = 0.1; S = [0.1; 0.2; 0.3]; Vs=0.1; 

 

 = [0.01; 0.02; 0.03]. 

 

Table 6. Local skin friction,
 

with respect to variation and S 

 

 
  S=0.1

 
 S=0.2

 
 S=0.3

 

0.01 0.141980999803290 0.141886630792912 0.141792537905822 
0.02 0.343383325342057 0.342815317844503 0.342250578490416 
0.03 0.616151069537841 0.614247382976192 0.612362046919758 

 

∞η = 15; M = 1; Kp = 0.1; Fs = 0.1; n = 0.1; S =0.1; Vs= [0.1; 0.2; 0.3];  

 

  = [0.01; 0.02; 0.03]. 

 

Table 7. Local skin friction, with respect to variation and Vs 

 

 
  Vs=0.1

 
 Vs=0.2

 
 Vs=0.3

 

0.01 0.141980999803290 0.058268427475947 0.036674766613574 
0.02 0.343383325342057 0.124416346365596 0.076086495347929 
0.03 0.616151069537841 0.196471355673032 0.117245178186148 

 
Table 6 shows for fix value of the suction or blow 
parameter, S, as the Casson parameter, 

increases skin friction )0(''f  increases and for 

fix value of the Casson parameter, , as the 

suction or blow parameter , S increases skin 

friction )0(''f
 
decreases. 

 

Table 7 shows for fix value of the velocity slip 
parameter, Vs, as the Casson parameter, , 

increases skin friction )0(''f increases and for 

fix value of the Casson parameter, , as the 

velocity slip parameter, Vs increases skin friction

)0(''f  decreases. 

4. CONCLUSION 

 
In this paper, we have analysed the non-Darcy 
MHD flow of a Casson fluid over a nonlinearly 
stretching sheet in a porous medium. In the 
mathematical model, using similarity variables, 
the momentum equation is transformed to non-
dimensional ordinary differential equation. And 
then it is solved numerically using bvp4c method, 
a Matlab in- built bvp4c-programm. A discussion 
for the effects of the parameters involved on the 
boundary layer thickness and the magnitude of 
the velocity and skin friction has been done 
graphically and numerically using figures and 

γ

)0(''f γ
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γ
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γ
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γ
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tables. From this investigation, we have drawn 
the following conclusions: 
 

It is seen that with the increase in the value of 
the magnetic parameter, M, the suction or blow 
parameter, S, or the velocity slip parameter, Vs, 
the boundary layer thickness and the magnitude 
of the velocity increases. 
 

It is observed that with the increase in the value 
of the Casson parameter, , the permeability 

parameter, Kp, the Forchhimer parameter, Fs, or 
the Stretching index parameter, n, boundary 
layer thickness and the magnitude of the velocity 
decreases. 
 

It is seen that with the increase in the value of 
the Casson parameter, , skin friction increases. 

 

It is observed that with the increase in the value 
of the permeability parameter, Kp, or the 
Forchhimer parameter, Fs, the Stretching index 
parameter, n, skin friction increases. 
 

It is seen that with the increase in the value of 
the magnetic parameter, M, the suction or 
blowing parameter, S, or the velocity slip 
parameter Vs, skin friction decreases. 
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