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Abstract

Our study is made up two sections: Non-smokers, problem- smokers, smokers-in-treatment and
counselling, and removed-smokers (SPT.R) mathematical model that explains the dynamics of smoking
epidemic without considering the recovery class to susceptible class transferring followed by modelling
smoking epidemic where the recovery class is considered to revert to susceptible class to become problem
smokers again after treatment and recovery respectively. We discussed the existence and stability of the
smoking-free and endemic equilibria of both models. Our mathematical analysis of both models establish
that the global dynamics of smoking epidemic transmission can be determined by the basic reproductive
number. The smoking-free equilibrium was locally asymptotically stable if Ry <1 and unstable if
Ry > 1 in both models. Global stability of smoking-free and endemic equilibria was also discussed in our
first model, using Lassalle’s invariance principle of Lyapunov functions. Numerical simulations were
conducted using Matlab software to confirm our analytic results in both models. Our findings were that
reducing the contact rate between the non-smokers and problem smokers, increasing the number of
smokers that go into treatment and educating smokers to refrain from smoking can be useful in combating
the smoking epidemic.

*Corresponding author: E-mail: ikeadu 74@yahoo.com;



Osman and Adu; JAMCS, 25(5): 1-19, 2017, Article no.JAMCS.37328

Keywords: Basic reproduction number; smoking-free equilibrium; second additive compound matrix;
global Stability; Lyapunov function.

1 Introduction

Smoking not only affects health of individuals but also creates burden on society as well as on economy of a
country [1]. Almost 6 million people die from tobacco use each year, both from direct tobacco use and
second-hand smoking. It is estimated that by the year 2020, the annual tobacco related deaths will be
increased to 7.5 million which will account for 10% of total deaths worldwide [1,2].

Smoking is the primary cause of lungs diseases such as Lungs Cancer and Chronic Obstructive Pulmonary
diseases(COPD) [3]. It has been reported that there is a relation between tobacco use and Pulmonary
Tuberculosis (TB), and there is increasing evidence of this association. Smoking has been positively
associated with the development of TB infection, active TB-relapse and related mortality rates [4]. Smoking
is also a cause of heart disease, stroke, peripheral vascular disease and other respiratory diseases and low-
birth weight in babies [5,7]. Among adolescents, smoking is also connected to social factors. Adolescents
whose families and friends smoke are more likely to start smoking earlier than their counterparts [5]. Figs. 1
and 2 indicate comparisons of smoking prevalence among adults in some selected five countries of five
continents in the world. Due to unavailability of continuous data on smoking for the selected countries and
for simplicity, we decided to use one country from each continent and 2013 data [6] respectively for our
comparisons.
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Fig. 1. Prevalence of tobacco use among adults in selected five countries—males and females, age-
standardised [6]

Tobacco use is considered as a disease that can spread through social contact in a way similar to the spread
of infectious diseases. Mathematical models can be used to understand the spread of smoking and predict the
impact of smoking on the community in order to help reduce the number of smokers [8].

In 2015, [1] proposed mathematical models to study the dynamics of smoking behaviour under the influence
of educational programs and also individual determination to quit smoking. They divided their total
population into three classes: potential smokers (P), smokers (S) and quitters (Q). They performed stability
analysis of smoking free and endemic equilibria, sensitivity analysis and numerical simulations of their
model. According to their results, determination and education play an important role in reducing the
smoking prevalence but determination alone cannot eradicate it.

van Voorn et al. [3], presented a simple but dynamical eco-epidemiological model on smoking. Their model
formulation consists of a resource-population dynamic part coupled with an epidemiological part similar to
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an SIR type model for the three compartments: non-smokers, smokers and ex-smokers. According to their
model, the coupling is via birth of non-smokers and death of the three classes with different death rates.
They used brute force simulations for the short-term dynamics and bifurcation analysis for the long-term
dynamics to study the final four-dimensional systems of Ordinary Differential Equations in their model. Due
to a feed-back mechanism of the two coupling terms there is a codim-two tangent transcritical bifurcation.
This leads to bi-stability of one smoker epidemic interior equilibrium and a smoker-free boundary
equilibrium. They concluded that changing parameters beyond the emerging tangent bifurcation leads on the
short-term to eradicate smoking.

Lahrouz et al. [7], studied a deterministic and stochastic stability of mathematical model of smoking. They
constructed a Lyapunov function to prove the global stability of the unique smoking-present equilibrium
state of a mathematical model of smoking. They incorporated random noise into their deterministic model.
They also proved that the stochastic model established in their paper possesses non-negative solutions. They
then used a Stochastic Lyapunov method to obtain the sufficient conditions for mean square and asymptotic
stability in probability of the stochastic model. Their analysis indicate that the stochastic stability of the
smoking present equilibrium state depends on the magnitude of the intensities of the noise as well as the
parameters involved within the model system.
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Fig. 2. Prevalence of tobacco use among adults in selected five countries—males and females, age-
standardised [6]

Another model which is related to this model is that of Alkhudhari et al. [8], they presented a model to
investigate the stability analysis of giving up smoking, in which smoking can be temporary or permanent. In
their model, they studied a population with peer pressure effect on temporary quitters and they considered
also the possibility of temporary quitters becoming permanent quitters and the impact of this transformation
on the existence and stability equilibrium points. Their results show that the number of smokers may be
controlled by reducing the contact rate between the potential smokers and smokers.

Also Zeb et al. [9], developed a square-root dynamics of given up smoking. Their model is made up of four
compartments: potential smokers, occasional smokers, smokers and quit smokers. In their model, they
considered the interaction between the potential smokers and occasional smokers in the form of a square-
root followed by a finite difference scheme using the non-standard finite difference(NSFD). According to
the results of their model, the NSFD method gives a highly accurate and valid approximate solution for a
long time. Also the reliability of the method and reduction in the size of computational domain give this
method wider applicability.
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Although the previous related research discussed above considered the various ways by which smoking
epidemic can be minimised, they did not consider the possibility of smokers under treatment becoming
problem smokers again due to inadequate counselling. They also fail to consider recovered smokers to
potential smokers compartment transfer.

In this paper, the following assumptions were made in the first model: that the problem smoker under
treatment may either recover from smoking or become a problem smoker again during treatment; a problem
smoker in treatment who recovers from smoking will not become a smoker again. In our second model of
this paper we considered a problem smoker in treatment who recovers from smoking to become a smoker
again. The paper is organized as follows: In section 2, we present the model description and the basic
reproduction number. Model analysis consisting of the stability analysis of smoking- free and endemic
equilibria is discussed in section 3. In Section 4, we use numerical example to show the dynamical behaviour
of our results in the first model. In Section 5, we discuss smoking model with temporary immunity. In
section 6, we discuss the numerical simulations and sensitivity analysis of our second model, Section 7 is
made up discussion of our results. We end the paper with a conclusion in section 8.

2 Mathematical Model

2.1 Model Description

The Population of our model is divided into four compartments: non-smokers (S), problem- smokers (P),
smokers-in-treatment and counselling (T,), and removed-smokers (R). The schematic diagram below shows
the interaction between the four smoking states mentioned above.
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Fig. 3. Schematic diagram of the four smoking classes in the model
2.2 Model Assumptions

The following assumptions were made in the model:

6] The smoking epidemic occurs in a closed environment.
(i1) Problem smoking is transmitted to non-smokers when they are in contact with problem Smokers.
(ii1) The members of the population mix homogeneously (have the same interactions with one another to
the same degree).
(iv) Smokers-in-treatment may become problem smokers again due to inadequate counselling.

The smoking epidemic is modelled using the system of nonlinear Differential Equations below:

das
EzyK—alPS—,uS
& = ayPS + ayT, — (u+ 8y + az)P )
dT,
d_tc = 0(3P - 0{2TC - (ﬂ + 62 + 63)TC
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dR

EZ 63TC—[1R

with $>0,P>0,T,>20andR = 0.

where, uK is the recruitment rate of the population, K is the number of all individuals in the population, a; is
the transmission rate from S to P, y is the natural death rate, §; is the smoking induced death rate of P, §, is
the smoking induced death rate of T, , is the proportion of smokers entering T,, a5 is the proportion of

smokers entering P from T, and &3 is the recovered rate of T,.

Table 1. Model parameters

Parameter Description Value Source

K Number of all individuals in the population 100 Assumption
o, Transmission rate from S to P 0.003 Assumption
a, The proportion of smokers entering T, 0.01 Assumption
a; The proportion of smokers entering P from T, 0.025 Assumption
u The natural death rate 0.02 [1]

6, Smoking induced death rate of P 0.44 Assumption
5, Smoking induced death rate of T, 0.03 [9]

o3 Recovered rate of T,. 0.02 Assumption
n Recurrence rate coefficient 0.001 Assumption

Since the variable R of the system (1) does not appear in the first three equations in the subsequent analysis,
we only consider the system

il K PS —uS

i UK — a, PS —

E = lePS + azTC - (I.l + 51 + 0{3)P (2)
dr,

? = 0{3P - azTC - (M + 62 + 63)TC

We also consider the following equations:
N(t) =S(t) + P(t) + T.(t)
and this implies that
dN_dS+dP+ch
dt —dt  dt = dt
S+P+T,) =ul[K=(S+P+T)]— 6P — (6, +85)T;
SulK—-(S+P+T,)] 3)
From (3), it follows that:
lime,,, Sup (S+P+T,) <K.
Thus the feasible region of the system (2) is
Q={S,PT):S+P+T.<K,S>0,P=>0,T, =0}

is positively invariant.



Osman and Adu; JAMCS, 25(5): 1-19, 2017; Article no.JAMCS.37328

2.3 Basic reproduction number

The basic reproduction number is defined as the number of new infective individuals produced by a single
infective individual during his or her infective infectious period when introduced into susceptible population
[15].

Next, we investigate the basic reproduction number of the system (2) by using the next generation matrix
approach [10]. It is obvious to see that the system (2) has the smoking-free equilibrium E, = (K, 0, 0).

Lety = (S, P,T)7, then system (2) can be written as

y =Fy) -V,

Where
a,PS (u+ 6+ az)P
F(y) = [ 0 ] and V() =|—azP+ a,T,+ (u+ 6, + )T,
0 —uK + a, PS + uS

The Jacobian matrices of F(y) and V(y) at the smoking-free equilibrium, E are respectively

_[F 0 (v o
DFE) = [ o] DV(ED = [ ol
Where

_[a,K O _[M+51+a3 0 ]
F—[O 0]andV— e L+ O, + 5,

The reproduction number is given by the spectral radius of FV ™! and that is

Ry = —*— 4)

T (u+8i+az)

Theorem 1: The smoking-free equilibrium E, (K, 0, 0,) of the system (2) is asymptotically stable if Ry < 1
and unstable if Ry > 1

3 Model Analysis

3.1 Smoking-free Equilibrium

In this section, we investigate the local geometrical properties of the smoking-free equilibrium E, =
(K, 0,0) by considering the linearised system of ODE’s (2), taking the Jacobian matrix and obtained

—(ayP + ) —-a,S 0
J(S,P,T) = 0 S —(u+6; +as) a (5)
0 as —a; — (u+ 6, +83)

The local stability of the equilibrium may be determined from the Jacobian matrix (5). This implies that the
Jacobian matrix for the smoking-free equilibrium is given by
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—-u - 0
JE) =0 a—(u+d +as) a; (6)
0 as —a, — (u+6; +83)

The determinant of (6) is given by

—u—2 —ay 0
[J(Eo) — Al| = 0 a— U+ +az)—4 a =0 (7
0 as —a,—(u+8,+85)—1

It follows that the characteristic equation of J(Ej) is computed from equation (7) and is given by

AB+@Bu+d+6,+6;+a,+a;—a)A* +
(Bu? + 2au + 2030 + 2811 + 28,1 + 2830 — 2,4 + @36, + @303 + ay8; + 8,6, + 5,53
—a10; — 0,8, — a1 83)A + (1 + apu® + 83p® + Sputazp’ + Sp* — ajp® + azSop + agdsu
Fay b+ 6.6, + 616304 — ayayp — i 8u — ay 63p) = 0

We can write the characteristic equation above as:
/13 + blﬂ.z + bz/l + b3 = 0 (8)
Where

by =3u+6,+6,+0:+a,+az;—a;

b, = 3u? + 2a,u + 2a30 + 28,4 + 28,1 + 2830 — 2au + @36, + az8; + a8, + 6,6,

+6,6; —a,a, — a6, — a5

by = 1® + ayp® + 83p* + SuPtasp® + S1p® — oy + azSyu + azSap + a8+ 8,8,

+61031 — a0 — a1 6,40 — a1 630

bib, — b; = (9 + 8a, + 8az + 88, + 85, + 883 — 8a; — wWu? + (6az8, + 6az8; + 6,8, + 65,6,
+68,8; — 61, — 60,8, — 60,85 + 438, + 8, — 4,8, + 4,8, + 28, + 48,85 + 4,85 +

2857 + 20,2 + 4aya + 2a3% — dagaz + 20, 2)u + (26,6,a5 + 28,8345 + 81 ay + 8,°8, + 6,°85
=20, 0,81 — 20,818, + 8,8,° + 28,8,65 — 20,0,8, — ,8,% — 20,8,85 + 36,85 + a385°

+20{26153 + 61532 - 2“1“263 - 0{1532 + a2a362 + a2a353 + Ol2251 - 0{10{22 + Ol3262 + 0{3253 + a2a351
— Q05 — 20,036, — 24,305 + a;ta, + 4,28, + a;283)

Using the Routh-Hurwitz criterion [14], it can be seen that all the eigenvalues of the characteristic equation
(8) have negative real part if and only if:

b1>0,b2>0,b3>0,b1b2_b3>0 (9)
Theorem 2: E is asymptotically stable if and only if inequalities (9) is satisfied.
3.2 Existence of endemic equilibrium

In this section, we consider a situation in which all the smoking states coexist in the equilibrium. We denote
E* = (§*, P*,T.") as the endemic equilibrium of the system (2). We also obtain
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_utaz+6)(ay +pu+6; +83) — ayas

ay(ay, +p+ 6, +83)
. MKy (ap+p+6;+63) —p[(p+as +61)(a; + p+ 6, + 63) — azas]

T Ut as+8)(ay ut S+ 8) [+ as+8)(ay + u+ 8, +83) — ayas]
T = az[puKay(a; + p+ 8, +63) —p[(p + az + 61)(a; + p + 8, + 63) — ayas]]

C T (At as+8)(atut S, +8)[(u+ as+68)(a, +u+ S, +8;3) — ayas]

S*

from system of ODE’s (2) and linearized the same system to obtained:

—(a P* + 1) —a;S* 0
J(EY) = 0 a1 S" = (u+ 6y + as) a; (10)
0 as —a, — (u+ 8, +85)

We determine the local stability of the positive equilibrium E*, by using the following lemma.

Lemma 1 [11,14]: Let M be a 3 x 3 real matrix. If tr(M), det (M) and det (M) are all negative, then all
the eigenvalues of M have negative real part.

Definition 1 [8,11,14] (Second additive compound matrix). Let A be a real m X m matrix. The second
additive compound matrix of A = (a;;) for m = 3 is defined as

a1+ az; az3 —ay3
2] —
Al = as; ai; +azz 5P) (11)
—aszq azy ay; + azz

Theorem 3: The positive equilibrium E* of the system (2) is locally asymptotically stable if R, > 1.

Proof: We first construct a second additive compound matrix J [2](E *) of J(E™) and obtain

al(S*—P*)—Z,u—51—Ol3 0{2 0
JE(E) = as (P +p)—ay +c -, S” (12)
0 0 0{15*—(52—0{2+Cl

Where ¢; = u+6; +63and ¢, = u + az + 6;.
It follows that:

trgJ(EM)) = —(,P"+ ) + S — (p+ 8, +az) —a; — (u+6; +63) <0,
fu+az;+38)>ayS"

det (J(E™)) = —(ayP" + ﬂ)[(als* —(w+taz+ 51))(_052 —(u+6+ 52)) — 03] <0
If [(@S"— (u+ a5 +6))(—ay — (u+ 8+ 8,))]> ayas.
Next, we compute the determinant of J/”2/(E*) in (12) and obtained

det[JPHE)] = —[aP" — @y S" 4+ 2u + a3 + 8, ][ayP" + 2u + a5 + 8, + 85][- ey S + @y + ¢4 + 5]
det[J¥H(E*)] < 0, if 2u + a5 + 8;) > ;5" and (@, + ¢y + ¢,) = @, S*. Note that if Ry = 1. then (2u +
az +8;) > ay 5 and (a; + ¢y + ;) = a;§° Thus det[_,-'[z] (E*)] = 0. This completes the proof
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3.3 Global stability of the equilibrium points

3.3.1 Global stability of the smoking free equilibrium

We prove the global stability when a; < p.

Theorem 4: The global stability of the smoking free equilibrium, E, is asymptotically stable in the region
Q={SPT):S+P+T,<K,S>0,P=20,T =20} ifay < u (note that a; < p implies Ry < 1).

Proof: it should be noted that S < 1 in Q for time (t) > 1. Consider the Lyaponov function:

L=P+T,

dL

E=a1PS—(u+61)P—(;1+52+63)TC

< (ay—p+8)P—(u+6)T, (13)

% <O0for a; <pu and % =0if (@ —pu+ 6,)P — (u+ 6,)T, = 0. Therefore, the only trajectory of the

system in which % = 0 is Ey. Hence, Lasalle’s invariance principle, E, is globally asymptotically stable in
Q[8,12].

3.3.2 Global stability analysis of endemic equilibrium (E*)

We investigate the global stability of the endemic equilibrium E* in this section, by using Lemma 2 to prove
that the system (2) has no periodic solutions, homoclinic loops and oriented phase polygons inside the
invariant region.

Lemma 2: Let g(S,P,T,) ={g9:(S,P,T.),g,(P,S,T.), gs(S,P,T,) } be a vector field on Q" and which
satisfies the conditions . f = 0, (V X g).7 < 0, in the interior of Q*, where 71 is the normal vector to Q" and
f = (f, f2, f3) is a Lipschitz continuous field in the interior of Q°, and

i j ok
xgo|l 2 2
as oP 0T,
91 92 Y3
i} d a 0 a 0
Vxg=|ap aT.|i—|dS aT.|/+|as ap|k
92 93 91 93 g1 92
— (993 _ 992\ ; _ (993 _ 091\ : , (992 _ 091
_(ap arc)i (as 6TC)]—+(65 6P)E (14

Thus, the differential equation of the system S = f;, P = f,, T, = f3 has no periodic solutions, homoclinic
loops and oriented phase polygons inside Q.
We consider Q" = {(S,P,T,):S + (%61

positively invariant and Q" and E* € Q.

)p+(#+iﬂ)n =K,5>0,P>0,T, > 0}. Then Q" c Q, Q"is

Theorem 5: The system (2) has no periodic solutions, homoclinic loops and oriented phase polygons inside
the invariant region Q"
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Proof: Let f;, f, and f; represent the right-hand side of equations in model (2), respectively. We use
(u+681) + (u+62+63)

S+ = K to rewrite f, f, and f3 inequivalent forms and obtain:
fi(S,P) = uK — a;PS — uS (15)
fi(S,T) = puK — ayS[K =5 — (@) .| (M"ﬁl) —uS (16)
f2(5,P) = a,PS + a; [K =5 — (%81) P (ﬂ+8’2‘+83) — e+ 8, +as)P (17)
f(P,T) = P [K = () P — (B2222) T | + T, — (u + 61 + a5)P (18)
f2(8,T) = as[K =5 - (‘”‘lﬂ) .| (#51) — T, — (u+ 8, + 8)T. (19)
f3(P,Tc) = asP — a,T, — (u+ 6, + 85)T, (20)

Let g = (g1, 92, g3), denote a vector field, where

_ fS(S'TC) _fZ(SrP) —

91 =%t SP
_ aspK M + 6, + 63 az (62 +83) _ a(p +6) _ (6, +az)
ST.(u + 67) Su+d,) S S S(u+6,+683) S
azuK azp azp
T (ut65+83)SP + (ut82+63)P (u+81 + a1) @1
_ AP pBPT) _ pK  az 1 _
2= T st [ay + 6, +63] —ay (22)

_ (P T) _ fi(S,T.)  aiK _ ay(u+6,)P _ a;(u+ 8, + 63) " a (li +6; + a3)
93 = "pr, ST, T, uT, u P T,
UK a ik aipS  ay(put+ba+63) @ 23)

STe  (u+61)Tc  (u+61)Tc u+81 Tc

g-f = g1fi + 9212 + g3fs P P P P P P
(23 _1z Jr_ 13 2 _Jr
g'f_<STC SP)f1+<5P PTC>f2+<PTC STC)f3
_Bh_Bh L BR_Bh BB AR g P
sT, SP ' SP  PT, ' PT, ST

on Q. Since the alternate forms of f, f, and f5 are equivalent in Q.

From lemma 2, it is easy to see that

a(u+6,) ay az). uK ap asKu .
Vxg=|-——r——0 -5 i o~ + = j
uT, Pz T, ST (u+6)T. ST (u+6,))~
_ kK azKu azp
( PS%2  (u+8,+83)SP? + (u+82+63)P2)E' (25

1 u+é; u+d2+63

, , ) to Q7, it can be shown that,
K~ uK uK

Using 7= (

10
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1/a,(u+6 a a K a aszK +4
(Vxg).i=—— M+—§+—32 o B (# 1)
K uT, P T, S2T, (u+ 6T, ST.“(u + 61) K
_ (K _ aK ay u+8,+63
(P52 (u+8,+683)SP2 + (u+52+63)PZ)( K ) <0. (26)

Since S + (%&)P + (’Hsﬂﬂ) T, = K. Thus, by lemma 2, the system (2) has no periodic solutions,

homoclinic loops and oriented phase polygons inside the invariant region Q*[8,12].

Theorem 5: The endemic equilibrium point E* of model (2) is globally asymptotically stable if Ry > 1(This
means that a, < a,).

Proof: From theorem 1, if R, > 1in Q, then E, is unstable. Also Qis positively invariant subset of Q
and the w-limit set of each solution of model (2) is a single point in Q"since there is no periodic solutions,
homoclinic loops and oriented phase polygons inside Q"if @, < @;. Therefore E* is globally asymptotically
stable [8].

4 Numerical Simulations

In this section, we use numerical simulations to show the dynamical behavior of our model. Then we carry
out some sensitivity analysis of the basic reproduction number using the model parameters. The parameter
values used in this section are displayed in Table 1.

100

4700
0

Population of Smokers
8

[e] 100 200 300 400 500 600 700 800 900
Time

Fig. 4. Time series plot of model 2, with initial parameter values K = 100, a; = 0.003, a, =
0.01,u=0.02,6, =0.44, 6, =0.03,63 = 0.02, az = 0.025 when Ry, < 1. Only non-smokers are
present in the population. The populations of problem smokers and smokers in treatment approach
zero and reach disease free equilibrium.

4.1 Sensitivity of the reproduction number

We study how the R depends on the model parameters especially a; and as, that is the transmission rate
coefficient and the coefficient of the proportion of smokers entering P from T,. We consider the following
cases:

i. At Fig. 4 (which depicts the graph of disease free equilibrium), we increased the value of @, from
0.003 to 0.55 and obtained Fig. 5 (which depicts graph of endemic equilibrium).

ii. At Fig. 5 we increased the value of a3 from 0.025 to 48 and obtained the graph in Fig. 6 (which
depicts graph of disease free- equilibrium).

11
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Fig. 5. Time series plot of model 2, with parameter values K = 100, a; = 0.55, a, = 0.01,
p=20.0238;, =0.44, §, =0.03,8; = 0.02, a3 = 0.025 when Ry, = 1.13402. All the distinct
smoking classes coexist and therefore approach endemic equilibrium

o

Population of Smokers

Fig. 6. Time series plot of model 2, with parameter values K = 100, a; = 0.55, a, = 0.01,
p=20.028; =0.44, §, =0.03,8; = 0.02, a; = 48, when Ry, = 0.01135. Only non-smokers are
present in the population. The populations of problem-smokers and smokers-in-treatment approach

zero and reach disease free equilibrium.

5 SPT.R Smoking Model with Temporal Immunity

In this section, we assume that problem smokers who have stopped smoking enter into recovery
compartment after treatment and become problem smokers again.

n

h

P

T. — » R

v vy oo vy v

|

A

Fig. 7. Schematic diagram of the four-smoking model with temporal immunity
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Therefore, our model equations become:

ds
=uK +nR — a,PS —uS

dt
& = ayPS + ayT, — (u + 8y + a)P 7)
dT,

c

E = 0.’3P — CIZTC — (ﬂ + 52 + 63)T,_-
dR
ar = 8T —(w+mR

with initial conditions S > 0, P > 0, T, = 0 and R = 0 and

dN_dS+dP+dTC+dR
dt —dt  dt  dt dt ,
S+P+T.,+R) =u[K—(S+P+T)]—6:P— (8, + 53T,
<u[K—=(S+P+T,+R)] (28)

From (28), it follows that:

lim¢,,,Sup (S+P+T.+R) <K.
Thus, the feasible region of the system (27) is

Q" ={(S,P,T.,R):S+P+T,+R<K,S>0,P>0,T.>0,R >0}
is positively invariant.

5.1 Model Analysis

5.1.1 Smoking- free equilibrium and the basic reproduction number

In this section, we study the basic properties of the model (27). We first find the smoking- free equilibrium
and then continue with the reproduction number. We denote the smoking-free equilibrium by E° =
(S,0,0,0) and consider the linearized system of the system of ODE’s (27), by taking the Jacobian matrix
under E° and obtain

—K - 0 n
0 a—(+6+a3) a, 0

E0) = 1 1 3 29
0 0 83 —(u+mn

The eigenvalues of the characteristic equation of J(E®) are 1; = —u, 4, = —(u + 1) and the solution of the
cubic equation

/12 + a1/1 + az = 0 (30)
where
al =20(3+2M+52+63+51—0£1,
a, = 2asi + a6y + az? + u? + uby + ud, + uds + 8,8, + 8,05 + 8,a5 + a38; — ajas

—a;6, —a;63 — ayaz,
a1a, = 4ag?u+ 2a328; + 2a33 + 2a5u® + 2a3ub; + 2a56,4 + 23650 + 2a56,6,

13
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+2a36,05 + 20328, + 243285 — 2a,a3% — 20,438, — 24,4385 — 2aa3° + 2a5u?
+2uaz6; + 2uas® + 2ud + 2u?8; + 26,u% + 283u% + 2ub, 8, + 216,65 + 2ud, a5
+2ua58; — 2ua a3 — 240,85 — 2 83 — 2,3 + 2U8,a5 + 8,8,a3 + 8,a5% + 8,u?
+8,801 + 8,21 + 8,831 + 8,8, + 28,8,85 + 8,5 + 8,835 — Sya05 — 8,7 — 18,05
—8,0503 + 283031 + 38,85 + 83057 + 3% + 81834 + 8,830 + Sapt + 8,857 + 85,8505
+85% a3 — @385 — 410,85 — @183 — @385 + 28,30 + 8,7z + 8132 + 8,2 + 8,2
+818,1 + 8,831 + 8,28, + 6,°8;5 + 8,8,a5 + 8,8;05 — Sya1a5 — 818, — 8,831 — 51,05
—2a a3 — 1038, — ayaz® — i’ — a8t — aySou — ay S3p — a1 86,8, — ;8,83 — a; 36,
—a 305 + a2as + @26, + 285 + ayaqas.

Using the Routh-Hurwitz criterion [13], it can be seen that all eigenvalues of the characteristics equation
(30) has negative real part if and only if

a, >0, a,>0, a3 >0, a;a, —az; >0 (€28
Theorem 1: E° is locally asymptotically stable if and only if inequalities (31) is satisfied.

The basic reproduction number of the Smoking Model with Temporal Immunity (SPT.R) is the same as that
of our first model and is given by

— ay
(u+81+az)’

Rqo

5.1.2 Endemic equilibrium

We denote the endemic equilibrium, E* = (81, P1,T,*, R1) and evaluate the equilibrium points of the model
by setting the left-hand side of system (28), equal to zero, solve for the equilibrium points and obtain the
following

_ pk(u+n)(a; + u+ 6, + 83) + ndsas)
(u+m(ay +p+68; +63) (Pt + 1)
L agP?
¢ _(“2 +p+8; +63)
& az P!
(u+mn)(ay+u+6;+65)

1

1

The local stability of the endemic equilibrium is determined from the Jacobian matrix J (E') below

—u —a; St 0 n
Pt St —(u+6, +as) a 0
E) =% 1 1 3 2 32
0 0 83 —(u+m
The characteristic J(E?) is given by
M+ B A2 +B,A2+B;A+B,=0 (33)

Where

Dy = —ay; — @z — Q33 — Qua,

Dy = ay1055 + 411A33 + Q11044 F 033044 + Q32044 — 012051,
D3 = 13051033 + Q13051044 — Q11052044 — A32033044,

Dy = —a,,031a33044,

14
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And

Ay = =, Q1 = =S, Ay =1, Ay = 1P, @y = ;ST = (U + 65 + a3), a = ay,
A3z = 3, A33 = =y — (U + 8, + 63), ayz = 63, age = —(u + 7).

It follows from Routh-Hurtwitz criteria [14] that all the eigenvalues associated to J(E') have negative real
parts if only if D; > 0 fori = 1,2, 3,4 and

D,D,D; > D;* + D,°D, (34)
Thus, the system (27) is locally asymptotically stable if Ry > 1 and the condition (34) is satisfied.

6 Numerical Simulations and Sensitivity Analysis

In order to see the dynamical behaviour of our model, we performed numerical Simulation in this section
using the parameters in Table 1. Sensitivity Analysis of model (27) and that of the basic reproduction
number were also performed.

100 - —

8
T
\
L]
I

I I I I I I I I
o 100 200 300 400 500 600 700 800 900
Time.

Fig. 8. Time series plot of model (28) with parameter values K = 100,u = 0.02,a; = 0.003, a, =
0.01,a3 = 0.025,6, = 0.44,6, = 0.03,65; = 0.02,7 = 0.001 when R, < 1. Only non-smokers are
present in the population. The populations of problem smokers and smokers in treatment approach
zero and reach disease free equilibrium.

6.1 Sensitivity analysis

Sensitivity Analysis of system (28) with respect to a; = 0.003, §; = 0.44 and = 0.001 are displayed in
Figs. 9 and 10 respectively.

7 Discussion

We studied two simple mathematical models capturing the transmission dynamics of smoking epidemic. The
existence and stability of smoking-free and endemic equilibria and the sensitivity analysis of the
reproductive number of both models were performed. Based on our parameter values, the basic reproductive
number of the smoking-free equilibrium is estimated to be Ry, = 0.006186 < 1. This implies that only non-
smokers population is present and the problem smokers and smokers-in- treatment population reduces to
zero in both models. This means that our models are asymptotically stable at Ry < 1 and satisfies Theoreml.
This has been verified numerically in Figures 4 and 8. At the sensitivity analysis of the basic reproductive
number, if the value of @, is increased from 0.003 to 0.55 and 0.003 to 2 in our first and second models
respectively, Ry > 1. This indicates the existence of smoking problem in the population. People with

15



Osman and Adu; JAMCS, 25(5): 1-19, 2017; Article no.JAMCS.37328

smoking problem will continue to transform more non-smokers into problem-smokers and the smoking-free
equilibrium becomes unstable at R, > 1. This situation has been verified numerically in Fig. 5. Also, if the
value of a3 is increased from 0.025 to 48, and y, §;, @; maintained the same in our first model, Ry < 1 and
the situation is reversed. This situation is also in line with our numerical results in Fig. 6 in our first model. It
was observed in our second model that R, < 1 whenever the value of 7 is either increased or decreased. This
implies that 7 has no significant impact on the model. However, when the value of §; is reduced from
0.44 to 0.1 the situation is reversed in Fig. 11 and all the distinct smoking classes reappear in the population.
Fig. 12 shows the relationship between our basic reproduction number with respect to the parameters a4, u,
6; and a5 in the models. A Lyapunov function is used to prove the global stability of the smoking-free
equilibrium when the transmission rate between non-smokers and problem smokers is less than or equal to
the natural death rate (a; < p) in our first model. This indicates that the smoking epidemic can be controlled
by reducing a; to be less than p. On the other hand, if @; = p and p = §5 then the endemic equilibrium state
is locally asymptotically stable. In order to show that our model has no periodic solutions, homoclinic loops
and oriented phase polygons inside the invariant region Q*, we used our first model to prove that the global
asymptotic stability of the endemic equilibrium for @; = a,. This indicates that the smoking epidemic will
persist in the population if a; > «,.

Population of Smokers.

o 100 200 300 400 500 600 700 800 200

Fig. 9. Time series plot of model (28) with parameter values K = 100,u =0.02,a; = 2, a, =
0.01,a3 = 0.025,86; = 0.44,6, = 0.03,65 = 0.02,17 = 0.001. All the distinct smoking classes are
present in the population and therefore the model approach endemic equilibrium.
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Fig. 10. Time series plot of model (28) with parameter values = 100, u = 0.02, a; = 0.003,a, =
0.01,a3 =0.025,6, =0.44,6, = 0.03,65; =0.02,7 = 2.
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Population of Smokers

1000

Fig. 11. Time series plot of model (28) with parameter values = 100, u = 0.02, a; = 0.003,a, =
0.01,a3 =0.025,6;, =0.1,8, =0.03,8; =0.02,n = 2
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Fig. 12. Sensitivity analysis of R, with respect to (4) ay, (B) u, (C) 61, (D) a3, other parameter values
are in Table 1.
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8 Conclusion

In this paper, we presented two mathematical models using a deterministic system of Ordinary Differential
Equations. These are the that SPT,R that explains the dynamics of smoking epidemic without considering
the transfer of removed smokers to non-smokers compartment followed by an SPT.RS model where
recovered smokers are considered to re-join the non-smokers to become problem smokers again after
treatment and recovery respectively. We discussed the existence and stability of smoking-free and endemic
equilibria, performed sensitivity analysis and conducted numerical simulations of both models respectively.
We established that our models are asymptotically stable when the associated reproduction numbers are less
than one, but unstable when they are greater than one. According to the results of the two models, smoking
epidemic can be reduced by minimising the contact rate between non-smokers and problem-smokers,
increasing the number of smokers that go into treatment and educating smokers to refrain from smoking. We
hope to modify these models in future by including passive smokers, bifurcation analysis and optimal
control.

Acknowledgements

We would like to thank Professor Jicai Huang and Professor Cuihong Yang of Central China Normal
University for their valuable comments and suggestions which help us to improve this paper significantly.

Competing Interests
Authors have declared that no competing interests exist.

References

[1]  Yadav A, Srivastava PK, Kumar A. Mathematical model for smoking: Effect of determination and
educations. International Journal of Biomathematics. 2015;8:1-14.

[2]  WHO, Global Status Report on Noncommunicable Diseases; 2010.
Available:http://www.who.int/publications/ncd_report_full en.pdf.

[3] van Voorn GAK, Kooi BW. Smoking epidemic eradication in a eco- epidemiological dynamical
model. Ecological Complexity. 2013;14:180-189.

[4] Choi S, Jung E, Lee SM. Optimal intervention strategy for prevention tuberculosis using a smoking —
tuberculosis model. Journal of Theoretical Biology. 2015;380:256-270.

[5] Din Q, Ozair M, Hussain T, Saeed U. Qualitative behavior of Smoking model. Adv. Differ. Equ.
2016;96:1-12.

[6] WHO, Prevalence — adult age standardized Data by country 2013.
Available: http://apps.who.int/gho/data/view.main. TOB30011 (Accessed: May 9, 2017)

[7] Lahrouz A, Omari L, Klouach D, Belmaati A. Dererministic and stochastic Stability of a
mathematical model of smoking. Statistics and Probability Letters. 2011;81(8):1276-1284.

[8] Alkhudhari Z, Al-Sheikh S, Al-Tuwairqi S. Stability analysis of a giving up smoking model.
International Journal of Applied Research. 2014;3(6):168-177.

18



Osman and Adu; JAMCS, 25(5): 1-19, 2017; Article no.JAMCS.37328

(9]

[10]

[11]

[12]

[13]

[14]

[15]

Zeb A, Zaman G, Momania S. Square-root dynamics of giving up smoking. Applied Mathematical
Modelling. 2013;37:5326-5334.

Brauer F, Castillo-Chavez C. Mathematical models in population biology and epidemiology. Springer
New York; 2010.

Cai L, Li X, Ghosh M, Guo B. Stability analysis of an HIV/AIDS epidemic model with treatment.
Journal of Computation and Applied Mathematics. 2009;229:313-323.

Hirsch MW, Smale S, Devaney RL. Differential equations, dynamical systems and an introduction to
chaos. Elsevier Academic, press, New York; 1974.

Merkin DR. Introduction to the theory of stability. Springer-Verlag New York, Inc.; 1997.

Li J, Ma Z. Dynamical Modelling and Analysis of Epidemics. World Scientific ~ Publishing Co. Pte.
Ltd. Singapore; 2009.

Sharma S, Samanta GP. Analysis of a hand-foot-mouth disease model. International Journal of
Biomathematics. 2017;10(2):21-47.

© 2017 Osman and Adu; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http.//creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

http.//sciencedomain.org/review-history/22334

19



