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Abstract

The main goal of this paper is to derive a full characterization of the observability of linear
time-invariant impulsive systems. Two cases are studied. The first case considers continuous
outputs. A suitable adapted Kalman criterion is shown to characterize properly the observability.
In the second case, only discrete-time measurements of the outputs are available. A new rank
condition based on the structure of the impulses is shown to characterize observability. Finally,
these results are tested and illustrated both on academic examples and on the dynamical
model of diabetic type I patients. The latter provides a nice case study for an impulsive
system with discrete time measurements as the meals may be approximated by some impulse
inputs and the glycemia measurement is usually done in real life at various times through the day.
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1 Introduction

Impulsive systems are encountered in various areas as biology, health, robotics and others [1, 2,
3, 4, 5]. For instance, a diabetic type I will be shortly considered herein for which new specific
mathematical tools are needed for analysis, observation, and control. The meals decide about the
amount of glucose which is brought, say three times a day, and due to different time scales, it can
be approximated by impulse signals. The glycemia measurement is made from blood samples taken
at various times during the day.

Several mathematical models have been proposed to describe the dynamics of the glucose-insulin
interaction for healthy and diabetic type I persons. One of the first models was published in 1961
by V. Bolie [6] and remains as the simplest one. More sophisticated models have been proposed,
see for instance [7, 8, 9, 10, 11].

From a mathematical point of view, an impulsive control system is modeled either by continuous-
time equations whose right-hand side includes some Dirac impulses, or by a system of ordinary
differential equations and algebraic discrete equations. Its state trajectories are piecewise continuous,
with discontinuities of the first kind at some isolated points. The basic mathematical tools for
studying impulsive control systems (ICS) is the theory of impulsive differential equations [12].
The theory of linear ICS has been developed during this last decade through the investigation of
fundamental properties such as stability, controllability, and observability (see [2, 13, 14, 15, 16, 17]
and their references).

Observability in nonlinear ICS has been studied only by [18], while in linear ICS this property has
been investigated by many researchers as [13, 15, 16, 19, 20, 21]. The definition used in these papers
establishes that observability depends on measurements of the output on a finite-time interval [0, ¢ f].
When continuous output is considered, the most known result to characterize this property is still
the Kalman observability matrix O [13, 21, 19], but with a very restrictive assumption over the
class of impulsive system considered. Just diagonal matrices A; are considered, where A; defines
a discontinuity of the form z(7;") = Arz(r). In [22, 20], a criterion is derived assuming that
the matrices A and A; conmute, and finally, in [16], based on the product of matrices e ATOT
an algebraic criterion is proposed. A different class of impulsive control systems is considered in
[23], for which the states evolve in continuous form but the output is available for measurement
at discrete times. Suitable criteria based on geometric properties of the invariant observable space
and the observability Gramian were worked out for this case.

The results of this paper are: first, the notion of strong observability is introduced for continuous
and discrete outputs. Kalman’s criterion is a necessary condition for strong observability similar as
the standard LTI case. Second, observability on a finite-time interval is analyzed. For the continuous
output case, Kalman’s criterion becomes just a sufficient condition. A new rank condition is derived
considering just the time shifts and shown to be necessary for observability of ICS. This generalizes
some results in the current literature. Also, the discrete output case is tackled, an equivalence
between the observability Gramian and a new algebraic condition is established. Third, these
criteria are tested in a model of diabetic type I patient (see [6]) adapted to the description of linear
ICS. Based on the observation of the states, an estimation of the parameters of the model proposed
was performed by using clinical data.
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The remainder of the paper is organized as follows: the state of art of observability in linear ICS
is given in Section 2. The theoretical framework and the main results for linear ICS are developed
in Section 3. The results are illustrated by using an adaptation of Bolie’s model of diabetic type I
patients in Section 4. The last Section is devoted to conclusions and perspectives.

2 Preliminaries

A plant is an impulsive control system when there is a set of time instants 7" = {7}, 7« € R,
T < Te+1 < 00, and a set of inputs Uy € R", k = 1,2, ..., such that the state z € R™ at each 7
is changed impulsively by x(7;}) = fr(z(m)) + U(k,x). Note that the impulsive instants are not
necessarily equidistant, the control U(k,xz) yields a discontinuity of x at instant 7%, the function
f1(z) defines discontinuities of the first kind (or ‘natural jumps’) in the state variables, and the
system is left-continuous, i.e. x(7, ) = x(7x).

The class of dynamic systems of interest basically consists of objects defined by a set of impulsive
first-order differential equations of the form

(t) Ax(t), x(ty) = x(to) = w0, t# T,

z(mt) = Arz(me) + Bu(re), keN,

(2.1)
ye(t) = Cex(t) or
valk] = Cax(7) keN

where the independent variable ¢ € R denotes time, the state x € R", the input © € R™, the variable
ye € R? is a continuous output, and y4 is a set of discrete measurements. The matrices A, A; are
defined in R™*™, B € R™*™ and C € R7*". This system is known as the linear time-invariant ICS.
Note that when A; = I, there are not natural jumps in the state variables, only due to the control

U(Tk ) .

Let us denote the initial time as {o = 0, the final time as {y = 7, ; > to, the set of time instants as
T = {T1, e ,Tk}, with 52 being 57, = Ti+1 — Ti, which veriﬁes 50 =71 — to, and 5k = tf — Tk AISO,
consider that Ay # I and B # 0, then the state response for these kind of systems can be generated
as follows:

e In t = to, any control is applied. So, in the interval tp < ¢ < 71, the state response is

z(t) = B(t, to)wo = ) 0. (2.2)
e Int= T1,
z(m) = Arz(n) + Bu(m) = A7z + Bu(m). (2.3)
e In the interval to <t < 72, with one impulse applied to Eq. (2.1), the state response is
z(t) = e A0y + e Buy(n), (2.4)
@(t,to)l’o +<I>(t7 Tl)Bu(Tl). 5)

° IntZTQ,

() = Arx(me) + Bu(m), (2.6)
= A(e® Are™®zg + e Bu(n)) + Bu(m).

In the interval 79 < t < 73, with two impulses applied to Eq. (2.1), the state response is
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z(t) = eAt=T2) 4,649 4000 1
e A% By (1) 4 T2 Buy(7y), (2.7)
D(t, to)xo + (¢, 71 )Bu(m) + ®(¢, 72) Bu(r2).

By repeating this procedure, the state transition matrix of Eq. (2.1) is deduced for the general
interval to <t <ty < Trp41, with k£ impulses applied to the system, and it is given by

D(t, to) = e** Are -1 Aret Ao, (2.8)

The state transition matrix is invertible for all ¢ € [to,ty] if only if the matrix A; is invertible,
and in this case, ®(to,t) = ®7'(,to). The state response of system (2.1) on [to,t] with k& impulses

applied to the system is
k

a(t) = (t, to)zo + Y _ B(t, 75) Bu(7;). (2.9)

j=1

Note that if B = 0 and A; = I, the state transition matrix for LTI systems is recovered, that is,
D (t,to) = e and the state response is just z(t) = e x. Now, if B # 0 but A; = I, the
state response equation becomes

k
x(t) = et <xo + Z e AT Bu(Tj)> , (2.10)
j=1

which agrees with the results in [4].

3 Observability for Linear ICS

The notion of observability in standard systems concerns the possibility of recovering the state
z(t) from the knowledge of the measured output (being continuous or discrete), the input u, and,
possibly, a finite number of their time derivatives.

Here, for linear ICS, this notion is reduced to finding the initial conditions using the knowledge of
the output, its time derivatives, and/or its time-shifts.

3.1 Observability with continuous output

The case with continuous output will be treated, i.e y.(t) = Cez(t), with C. a matrix of ¢ x n
dimensions. In a similar way to the standard LTI system, a definition of strong observability is
stated as follows:

Definition 3.1. System (2.1) with continuous output is said to be strongly observable if any initial
state (0) € R"™ is uniquely determined by the output y.(0) and its time derivatives 4.(0), - - -, < (0).

Theorem 3.1. System (2.1) is strongly observable if the following condition holds

Ce
C.A
Rank[O] = Rank . =n. (3.1)

CcAn—l
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Proof. The proof is standard and it is similar to the LTI case. Just for illustration calculate at
point ¢ = 0 the time derivatives of the output, that is

yC(O) = CCmU?
yC(O) = CchO,
y0) = CeA" .
System (2.1) is strongly observable, if Rank[O] = n. O

In [13, 16, 19, 21], the notion of observability proposed there allows considering measures of the
output in some finite-time interval, that is, not only at the point ¢ = 0, as Definition 3.1. In
[16], another criterion is provided based on the matrix [©OT Gy, -+, G%], where G; depends on the
product e** ATOT . Here, a more concise result is provided for this case.

The following definition encompasses the similar one described in [13, 16, 19].

Definition 3.2. System (2.1) with continuous output is said to be observable on some finite-time
interval [0,ty] large enough, if any initial state x(0) € R™ is uniquely determined by the output
y.(0), its times derivatives ¢(0),--- ,y)(0) and its time-shifts y.(r;) for 7 € [0,#].

Theorem 3.2. System (2.1) with continuous output is observable on some finite-time interval [0, ¢ 5]
if and only if the following condition holds

(@)
CCGAAU

AA AA
Rank Cee™ ™t Are™ ™0 =n, (3.2)

CoeBi-1 AreAPi-2 ... AreAP1 AefR0

Proof. Consider the input u(7x) = 0 Vk without loss of generality. The output of system (2.1) is

given by yc(t) = Ce®(7%,0)zo. At each time instant 7%, k = 1,--- , I, the output measured is
yc(O) = C’c'1307
ye(m1) = Cc®(m1,0)z0 = Cee*P0gy,
Ye(m2) = Ce®(12,0)x0 = C’ceAAlAIeAAOxo,
Ye(mi—1) = Ce®(11-1,0)z0 = C.eAP1-1 Ae4B1-2 . A1e4P1 Ao B0y,

Adding the time derivatives of the output at ¢ = 0, the following system

[0 ] [ Ce 1
9.(0) C.A
(n—’l) ‘n—l
¢ 0 C.A
yy (T1() ) = CeABo To (3.3)
Ye(T2) C.eAP1 AretBo
yc(n) | i CCeAAlflAIeAAl” . -~A16AA1A16AA0 |
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can be written in the form

7 = Ocxo. (3.4)

The initial condition zo can be uniquely determined as
To = (OCT(’)c)_IOCTﬂ. (3‘5)
System (2.1) is observable on a some finite-time interval, if Rank[Oc¢] = n. O

Remark 3.1. If Ay = dI with d an scalar, theorem 3.2 reduces to theorem 3.1, and system (2.1) is
(strongly) observable if Rank[O] = n.

3.2 Observability with discrete output

The notion of strong observability a linear ICS with discrete output measurements yq[j] will be
understood as the ability to to retrieve x¢ before the first impulse.To develop observability over
some finite-time interval, it will be assumed that impulses are applied at the same time that the
output is measured.

Definition 3.3. System (2.1) with discrete output is said to be strongly observable if there exist
a set of times {S : s, s1, -+ ,8n—1} With so = 0 and s;—1 < s; < oo} such that any initial state
z(0) € R™ is uniquely determined by the output y4[j] = ya(s;—1) before the first impulsive time
Sn—1 < 71 < Sp.

Theorem 3.3. the following statements are equivalent

1. System (2.1) with discrete output is strongly observable,

Cq T
OdeAsl
2. Rank =n,
CdeASl—l ]
SeS
CqA
3. Rank[Oq] = Rank . =n,
i CdAn—l

Proof. 1) = 2). It follows from Eq. (2.9). The measurements of the output of system (2.1) is given
by

yalj] = Ca®(sj-1,0)m0 = e =1z, j=1,2,---n. (3.6)
At each measurement time instant s;, j = 1,--- ,n the output is
ya[l] = Ca®P(s0,0)z0 = Cqxo,
yd[Q] == qu>(81,0)1’0 = CdeAslxo,
ya[3] = CaP(s2,0)z0 = CdeAszxo,
yaln] = Ca®(sn_1,0)m0 = Ce™ " 1a0,
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an algebraic linear system ¥ = Og4rx0 can be written with

yd[l} Cq
yal2] Cae?t
As
7= Yal3] , and Ogr = Cae™™ ) (3.7)
Yd [n} CdeAs"’l

from which zo can be uniquely determined as
o = (0410ar) ' O417. (3.8)

System (2.1) with discrete output is strongly observable if necessarily Rank[Oqar] = n.
2) = 3) Lemma 2.3.1, and Lemma 2.3.2 from [4, pp. 30-31] yield

n—1

et = Z LNVAY, fo(N) =1, fir1(0) =0, (3.9)

where f;()) is a scalar function. From the first statement, and applying the last equation, we get
that
Ca

Ca(I+ fi(s1)A+ -+ fa1(s1)A™H)
Call + iAo+ o) | _yo, 310

Ca(I+ fi(si-1)A+ . + fai(si—1)A™Y)

where
I, 0 0
Iy fils)ly - faa(si)lg
U= . , , . (3.11)
Iy filsi=i)lg -0 fami(si-1)g
and
Ca
CqA
Oq4 = . . (3.12)
CdAn71
The matrix ¥ has full rank if and only if
1 0 0

1 fi(s1) .-~ fr-1(s1)
. . . ) (3.13)

1 f1(=§z—1) fnfl(.sl—l)

has full rank. From Lemma 2.3.3 in [4, pp. 33], the functions f;(7;) are linearly independent in
every open interval (¢s,%s4+1) containing the measurement time instant s;. As it was assumed the
existence of time instants s, $1, -+ ,Sn—1, then @ has full rank from Lemma 2.3.3. Now, if the
system is observable, necessarily Rank[Oq4] = n. O

Note this criterion is reduced to the same Kalman’s criterion available for the ordinary linear time
invariant discrete time system. Now, a definition for observability on a some finite-time interval
will be developed. This definition fits with the definition stated in [15, 23]. Remember that it was
assumed for simplicity that the measurement is done at the same time the impulse is applied to the
system.
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Definition 3.4. System (2.1) with discrete output is said to be observable on some finite-time
interval [0,ty] large enough, if any initial state z(0) € R™ is uniquely determined by discrete
measurements of the output yq[k] = ya(7:) for 7 € [0, t4].

Example Consider the linear impulsive system (2.1) with d; = 1, and the matrices

A

010 0
00 1|, Ar= 1 0 (3.14)
000 00

1
0
0
0
Ca = (1 0 0), B=|10]. (3.15)
0

To determine if the system is observable, the output is measured at different time instants 7, that
is

e At 79 =0, y[0] = z1(0).
o At 71, y[1] = z1(m1)= Ce™xo = 21(0) + 22(0) + Lz5(0).
o At T2, y[2] = :Cl(TQ) = CeAAIeAmO = 581(0) -+ 21’2(0) -+ %wg(())

From the last three equations, it is clear that the initial condition is recovered. So, this system is
completely observable. However, if A is changed to

100
Ar=|0 0 0 |, (3.16)
00 0

the system becomes unobservable for any set of time impulses. Note that the pair (Cq, A) is always
observable for any matrix Ay, and the condition Rank[C; (CyA)T (C4A?)T]T = 2 is not able to
characterize observability.

Example Assume that a linear impulsive system is described by ¢; = 1 and the same matrices Cy
and B as in Example 3.2, but A =0 and

010
A= 0 0 1. (3.17)
000

The discrete measurements at impulse times 73, are

o At 70 =0, y[0] = z1(0).

[ ] At 71, ’y[l] = 1}1(7’1): CdeAéo.’L’o = .'El(())

o At T2, y[2] = ZB1(7‘2) = CdeAAIeAxo = CyqArxo = 1'2(0)

o At T3, y[S] = 1‘1(7‘3) = CdeAAIeAAjeAxo = CdA%xo = 1‘3(0).
Although A = 0, this linear impulsive system is observable because of the natural impulses in the
state variables. For the case with A; = I, the system is unobservable. Note that observability
depends on the structure of the three matrices (Cq, A, A7) and not just on the pair (Cgq, A) as in

the standard LTI case. Besides four measurements were needed to determined the initial condition
Zo.

This set of examples suggests that the straightforward rank condition of the observability matrix
involving the (Cq, A) pair only is not a complete tool to characterize observability in linear ICS
with discrete output.
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The observability Gramian is a known way to characterize observability of standard LTI systems.
In [13], it is adapted to linear ICS with a continuous output, and in [23], with a discrete output.
For the second case, it reads as: given the impulsive system (2.1) on [0, %], and the time instants
T ={m}, k=0,1,2,---,l, tc = 0, and ¢ty € [1—1,7), the observability Gramian Mo, (to,ts) is
defined by

-1

Moy (0,tr) =) @"(7,0)C¢ Ca(7;,0). (3.18)

3=0

For the zero input and z(0) = o,

-1
29 Mo (0,ts)xo = Y _ Ilyalilll*, (3.19)

J=0
from which it follows that for an observable system on [0, ¢f], the observability Gramian is positive
definite for any impulse set time T, and any finite interval containing at least [ impulse times.
Conversely, if there exists an integer [ such that the observability Gramian is positive definite for
any impulse time set and any finite interval containing at least | impulse times, then the system is

observable [23]. Note that this criterion fits to Definition 3.4.

The next theorem provides a new algebraic rank condition and asserts the equivalence between the
observability Gramian criterion and this condition.

Theorem 3.4. The following statements are equivalents

1. System (2.1) is observable on some finite-time interval [0,t¢],

Cd Cd
Cq®(71,0) Cyeto
2. Rank . = Rank . = Rank[O;] = n,
Caq®(71-1,0) CaeB1 Aretto

3. Mo, > 0.

Proof. Consider the input u(7x) = 0, Vk without loss of generality. Proof of 1) < 3) can be found
in [23], so it will be omitted here.

1) = 2). It follows from Eq. (2.9). The output of system (2.1) is given by

ya(tk) = Ca®(1k,0)x0, k=0,1,2,---1L. (3.20)
At each time instant 7, k = 0,--- ,[ the output is
ya(to) = Caq®(70,0)z0 = Caxo,
yd(Tl) = qu)(Tla 0)$0 - CdeAAD(L'o,
ya(r2) = Cq®(12,0)z0 = CdeAAlAjeAAOx()’
ya(mi—1) = Ca®(m-1,0)z0 = CeAti-1 ...Alef“Aol,07

the linear system above can be written as

Ca
qu)(Tl, 0)
Cd@(T27 0)

Tro = OICE(), (3.21)

<
Il

Cd(I)(Tlfl, 0)
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from which, if system (2.1) is observable and there exist [ impulse times, then z¢ can be uniquely
determined as
z = (07701)7'01"y, (3.22)

and necessarily Rank[Or] = n.

2) = 3). If system (2.1) is observable, suppose that there is a vector w # 0 such that w” Mo, w is
singular, i.e.

-1
w'Moyw = w’ (Z q’T(Tj’O)CdTCd@(TwU)) w =0,
J=0
which leads to
-1
w'Moyw = <ZwT‘bT(TJ70)CdTCd<I’(Tj,0)11)) =0,
J=0
and
-1
w' Mo,w = Z |Ca® (75, 0)w|* = 0.
§=0

From the last equation,

Ca®(15,0)w =0 Vr; j=0,1,2,- (3.23)
The latter is evaluated at [ impulses applied to system (2.1) at time instant 7;, and yields
Ca
Cd<I>(71, 0)
Ca®(72,0) | 4 = Oyw = 0. (3.24)
Cy®(11-1,t0)
As system (2.1) is observable, rank[O;] = n. In consequence, w = 0, which stands in contradiction
and proves that Mo, is a positive definite matrix. That completes the proof. O

Remark 3.2. Assuming that matrix A; = dI, with d an scalar, System (2.1) with discrete output
is (strongly) observable if and only if

Ca
CqA
Rank[O4] = Rank =n. (3.25)
CdAnfl
4 Model of a Diabetic Type I Patient
Here, a modified Bolie’s model for diabetic type I patients is considered
atl(t) = —a1T1 — a2T2 + a3rs, xl(O) = 10,
i‘Q (t) = —Qa4x2, 1'2(0) = Z20,
3(t) —aszs, w3(0) = T30, (4.1)
1
mz(T;j—) = x(m) + VU(Tk)’ keN,
:Cg(le) = xg(Tk)+a6, keN,
ylk] = =xi1(m) keEN,

10
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where z; is the deviation of the blood glucose concentration from its basal value (assumed to be
Gy = 1.0 g/l), z2 is the plasma insulin concentration in U/I, the control variable u represents a
sudden change in the insulin concentration due to an injection of insulin, and y is a discrete measure
of the deviation of the blood glucose concentration. The parameter a; is the consumption of glucose
by the brain and other tissues, a2 represents the decrease of glucose under the action of insulin, and
a4 is the natural absorption rate of insulin in the body.

Other factor that changes the concentration of the blood glucose is the input of meals. These inputs
can be seen, in a day of the patient, as an impulsive jump of the glucose concentration in the body
and after a digestion process as a variation in the blood concentration. As a first approximation, the
digestion process is modeled as a first-order process. The variable x3 is the glucose concentration
in the body because of digestion, as is the rate of variation of blood glucose concentration due to
meals, and ag represents a sudden jump in the glucose concentration as response of the meal input.

The observability of system (4.1) is checked through Theorem 3.3. If §; = 5 (the output is measured
at each 5 min), by the statement 2),

Rank [O1] = 3, (4.2)
since
Cq
Oz = Cge®4 , (4.3)
CdeloA

a1 # a4 # as, and

(65115 _ e5a1 )(65114 _ esal )(65a5 _ a665a4)

det [0z] = aza3 el0(artastas)(qy — aq)(ar — as)

The initial condition zg is

z10 = y[0], (4.5)
oo — 62" (aey[0] — (age™ +70)y[1] + 2Ty [))
20 (as — a1)~Le—10aa(gbas — gba1)(ggedas — ebas) ’

€105 (y[0] — (%1 + e4)y[1] + e @1+ a0y [2])
az(as — ay)~t(ebe1 — e5a5) (595 — afede4)

3o =

To adapt the model to an individual patient the following assumptions was taken:

1. The parameter a1, as, as and as are constants for a group of patients, and their values are
taken from the literature [6, §].

2. The parameter ag is given for each patient because the meals are different for each one.
3. The insulin therapy is known for all patients.
4. The glucose blood concentration is measured every 5 minutes.

5. The parameter as is different for each patient and it has to be estimated.

As the system is observable, it is possible to estimate this parameter using the measurement of the
output and the input, which is known. This estimation was based on clinical data. From model
(4.1), the estimation formula for as is

as3r3z —a1x1 — 1

(4.6)

a2 =
X2

The best value was obtained by a least squares method and was equal to 0.213. In Fig. 1 can be
seen the response for the estimated state for the given patient. The straight line represents the real
measurement of the blood glucose concentration and the dashed one the estimation of the glucose
using the Bolie’s model adapted to the ICS.
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Fig. 1. Blood glucose concentration and insulin concentration estimated using data
from a patient of CHU. The insulin model is a first order model

5 Conclusions and Future Works

The observability of linear time-invariant impulsive control systems with either continuous outputs
or discrete outputs has been fully characterized. Criteria have been given in terms of suitable rank
conditions. Throughout the paper it was shown that these criteria have to be stated in terms of
the matrices (A, Ar, C). Obviously, the special case without impulses reduces to the well known
Observability Kalman Criterion for linear control systems.

This result generalizes and unifies criteria that can be found in the current literature, using the
observability Gramian and algebraic conditions.

Future research challenges include the generalization to switched impulsive systems, and the design
of effective impulsive observers for biological applications.

Parameter identifiability and the effective identification are connected problems which are worth to
investigate within a similar approach. Its application to parameter identification of the glycemia
dynamics is promising for diagnosis for patients. The latter is open for further research as well.
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